Abstract-Codes and associated lattices are studied in the lp metric, particularly in the l1 (Lee) and the l∞ (maximum) distances. Discussions and results on decoding processes, classification and analysis of perfect or dense codes in these metrics are presented.
I. INTRODUCTION
We consider here integer lattices in the l p norm and q-ary codes in the induced metric in Z n q . We call this induced metric, the p-Lee metric. For p = 1 and p = 2, those are the wellknown Lee and standard Euclidean metric. Codes and lattices in the Lee metric have deserved a lot of attention lately due to new and diverse applications (see [1] and references therein).
There are not many references of lattices considered in the l p metric in R n for p = 1, 2, in the literature. Peikert [2] studies the complexity of some important computational lattice problems such as the closest vector problem and the shortest vector problem in the l p norm for 2 ≤ p ≤ ∞. In [3] , Grell et al. show optimal algorithms in these norms for the closest point search problem in some well-known families of lattices, such as Z n , D n , A n , E 6 , E 7 and E 8 .
In the l p metric, the decoding proccess of a Construction A lattice can be reduced to the decoding of its generator code (Proposition 1).
Concerning the existence of perfect codes in the p-Lee metric, we could find that there is a variety of perfect codes for p > 1. This is in contrast with the classic Lee (or 1-Lee) metric, for which it is conjectured (Golomb and Welch [4] ) that there are no perfect codes in Z n , unless n = 2 or R = 1.
In the case of the ∞-Lee metric, perfect codes are characterized in Proposition 3. We found that the ∞-Lee metric captures much of the essence of perfect codes in other p-Lee metrics since any perfect code in the ∞-Lee metric is also perfect in the p-Lee metric for large enough p, as shown in Proposition 4.
Further discussions on group characterization of perfect codes and dense codes in the l p metric are also presented here.
II. CODES AND LATTICES
We consider here a q-ary linear code
If q is a prime number, then C is a vector subspace of Z n q and therefore has a basis with k ≤ n vectors. Otherwise, we can only assure the existence of a minimal set of generators which are not necessarily linearly independent [5] . In the case q = p e , p prime, these codes have generator matrices in a standard form [6] .
A lattice Λ is a discrete additive subgroup of R n . Equivalently, Λ ⊆ R n is a lattice iff there are linearly independent vectors v 1 , . . . , v m ∈ R n such that Λ is the set of all integer linear combinations, The so-called Construction A associates to a q-ary code C ⊆ Z n q an integer lattice Λ A (C) via the surjective map φ [7] :
where
It is straightforward to see that Λ A (C) is a lattice if, and only if, C is a linear code. In this case, Λ A (C) is called the q-ary lattice associated to C. Any q-ary lattice has qZ n as a sublattice and this property can be used as an alternative definition to q-ary lattices, as done in [8] . Any integer lattice Λ can be considered as a q-ary lattice since for q = det Λ, Λ ⊂ qZ n .
III. THE p-LEE METRIC
Instead of the usual Hamming metric for codes and Euclidean metric for lattices we consider here the l p norm for Λ A (C) ⊂ Z n and the induced p-Lee metric for the associated code C.
and
As it is well-known, those distances are related by
The Lee metric for codes, introduced for codes in [9] , can be viewed as the distance in
whereas for two vectors x, y ∈ Z n q , we have
We define the p-Lee metric through the next proposition.
where d Lee (x, y) is given by Equation (4) . We will denote this distance as d p,Lee (x, y) = d(x, y).
For p = ∞ a similar result holds, replacing (6) by
This distance is denoted as d ∞,Lee (x, y).
It is worth noting that the p-Lee metric defined as above appears as "generalized weights" of a code in [11] and also, for p = 2, in the context of physical layer network coding in [12] .
In this paper we consider p integer, 1 ≤ p < ∞, and p = ∞, and denote by d p,Lee (C) the minimum distance of a code C ⊆ Z For p = 1 and p = ∞ the packing radius of a code C ⊂ Z n q is integer and given by the well-known expression R = (d p,Lee (C) − 1)/2 . For 1 < p < ∞, a similar expression is not valid (Fig. 1) . 
IV. DECODING CONSTRUCTION A LATTICES
For q-ary lattices constructed from q-ary codes, we have shown in [13] that decoding a q-ary code C ⊆ Z n q considering the Lee metric corresponds to decoding the associated q-ary lattice Λ A (C) ⊆ R n considering the sum metric l 1 . In [10] , we got the same kind of relation between codes in the p-Lee metric and lattices in the l p metric.
In order to simplify the notation, x is a codeword of C, whereas x, is a point of Λ A (C). Due to the isomorphism Λ A (C)/qZ n C, we will not distinguish the elements of Λ A (C)/qZ n ⊆ R n /qZ n from the codewords of C. t is x = (12, 8) t . The closest lattice point to r is z = (−1, −5) t . Fig. 2 shows the lattice Λ A (C) and its Lee Voronoi regions. 1, 1, 1, 1, 1, 1, 1 
Proposition 1. [10] Let Λ A (C) be a q-ary lattice and
r = (r 1 , . . . , r n ) t ∈ R n . Let r ∈ R n /qZ n and c ∈ C, c = (c 1 , . . . , c n ) t , 0 ≤ c i < q, a closest codeword to r considering the p-Lee metric in R n /qZ n . An element z ∈ Λ A (C) which is closest to r considering the l p metric in R n is z = (z 1 , · · · , z n ) t ,
V. PERFECT CODES IN THE p-LEE
For p = 1 and p = ∞, there are closed forms for μ p (n, R), namely
The equality in these bounds will be achieved for perfect codes.
For p = 1, the long standing Golomb-Welch conjecture, stating that there is no perfect codes in the Lee metric in Z n for n > 2 and packing radius R > 1, is widely believed to be true but has, up to now, only been proved in special cases [14] . Quasi-perfect, diameter perfect and dense codes have also been approached in recent papers [15] , [1] and [16] .
Perfect 1-Lee codes in dimension two (linear and nonlinear) can be fully characterized. Let P L(2, R, q) be the set of perfect codes in the 1-Lee metric correcting R-errors (packing In some examples, we can see that it could be expected different results concerning the existence of perfect codes in the p-Lee metric for p = 1. In opposition to the 1-Lee metric, there is no perfect p-Lee code in Z 2 for p = 3 and R = 4 (the associated packing ball of radius 4 does not tile Z
2 ). A natural question to be raised is if and how certain properties of the 1-Lee metric can be extended to the p-Lee metric. We summarize next some results which are, in part, a research in progress.
The following proposition is an extension of a result in [4] . As similar non-existence result of [4] for p = 1 can be derived for 1 < p < ∞, as stated in the next proposition. The proof is based on the association of perfect codes with tilings of R n by polyominoes, as done for example in [18] .
Proposition 5.
[10] Let n > 2, and 1 < p < ∞. There is R n,p such that for R >R n,p there is no code C ∈ Z n in the p-Lee metric that reaches the Sphere-Packing bound.
Further questions to be investigated should be to detect dense codes in the cases where no perfect codes exist, as the search for diameter perfect or quasi-perfect codes in the p-Lee metric [1] , [14] , [16] .
